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Abstract 



In this paper, we deal with the existence of insensitizing controls for the Navier-Stokes equations in a 
bounded domain with Dirichlet boundary conditions. We prove that there exist controls insensitizing the 

-norm of the observation of the solution in an open subset O of the domain, under suitable assumptions 
on the data. This problem is equivalent to an exact controllability result for a cascade system. First we 
prove a global Carleman inequality for the linearized Navier-Stokes system with right-hand side, which 
leads to the null controllability at any time T > 0. Then, we deduce a local null controllability result for 
the cascade system. 

1 Introduction 

Let Vl C E^(iV = 2 or 3) be a bounded connected open set whose boundary is regular enough (for 
instance of class C^). Let oj and O be two open and nonempty subsets of Q, (resp. the control domain and 
the observatory) and let T > 0. We will use the notation Q = O x (0, T) and S = x (0,T). C stands for 
a generic constant which depends only on 57, w, O and T . 

The Navier-Stokes equations describe the motion of an incompressible fluid such as water, air, oil... They 
appear in the study of many phenomena, either alone or coupled with other equations. For instance, they 
are used in theoretical studies in meteorology, in aeronautical sciences, in environmental sciences, in plasma 
physics, in the petroleum industry, etc. 

First let us recall some usual spaces in the context of Navier-Stokes equations: 



To be more specific about the investigated problem, we introduce the following control system with 
incomplete data 



Here, y(x,t) = {yi{x,t))i<i<N is the velocity of the particles of an incompressible fluid, v is a distributed 
control localized in w, f{x,t) = t))i<i<Ar e L^{Q)^ is a given, externally applied force, and the initial 

state j/|t=o is partially unknown. We suppose that y^ E H , E H is unknown with ||j/^||l2(-q)n = 1 and 
that T is a small unknown real number. 

The aim of this paper is to prove the existence of controls that insensitize some functional (the sentinel) 
depending on the velocity field y. That is to say, we have to find a control v such that the influence of the 
unknown data T%jp is not perceptible for our sentinel: 



V^{y^Hl(^l)^ ;V-y = Oinr!}, 



and 



H ^ {ye L^{n)^ ; V • ?/ = in 17, y • 7i = on dfl} . 




(1) 



dJriy) 



Vy" e l2(17)^ such that \\y°\\L2{nr = 1- 



(2) 



dr 



T=0 
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In the pioneering work |22| . J.-L. Lions considers this kind of problem and introduces many related questions. 
One of these questions, in non-classical terms, was the existence of insensitizing controls for the Navier-Stokes 
equations (see [Hj, page 56). 

In the literature the usual sentinel is given by the square of the local L^-norm of the state variable y, on 
which we will be interested here: 

My)^\ jj \y?dxAt. (3) 

Ox(0,T) 

However, in jl7) . the author considers the gradient of the state for a linear heat system with potentials and 
more recently in [TS] the same author treats the case of the curl of the solution for a Stokes system. Here 
we will focus on the nonlinear control problem of insensitizing the Navier-Stokes equations. 

The special form of the sentinel Jr allows us to reformulate our insensitizing problem as a controllability 
problem of a cascade system (for more details, see [3], for instance). In particular, condition ^ is equivalent 
to z\t—Q — in 57, where z together with w solves the following coupled system: 

- Aw + (w, V)u; + Vp" = / + V • w = in Q, 

-zt - Az + (z, V*)w - (w, V)z + V(? = wlo, V ■ z = in Q, 
w = z = on E, 



m 



n. 



Here, {w,p'^) is the solution of system ([Ij for r = 0, the equation of z corresponds to a formal adjoint of the 
equation satisfied by the derivative of y with respect to t at r = (see ^ below) and we have denoted 



N 

{{z,V')w)^^^Zjd^Wj i^l,...,N. 



Indeed, differentiating y solution of ([T]) with respect to r and evaluating it at t = 0, condition ^ reads 

wyrdxdt^O \fy°eL^{n)^ such that ||y°||i2(j^)iv = 1, (5) 



Ox{0,T) 

where yr is the derivative of y solution of ([T]) at r = 0. Then, y,- solves 

Vr^t - ^Vt + (2/r, V)y + {y, V)yr + Vpr =0 in Q, 

V • yr = in Q, 

yr = on E, 

yT\t=o = y° in 57. 

Hence, substituting wIq by the left-hand side of the equation of z in Q and integrating by parts we obtain 

Jz\t^oy°dx= JJ wyrdxdt ^y" e L^i^f such that \\y°\\L2^ar ^ 1. (7) 
n ox(o,T) 

We will prove the following controllability result for system 

Theorem 1.1. Let m > 5 be a real number and y*^ = 0. Assume that uj f] O ^ 9- Then, there exist S > 
and C* > depending on w, O and T such that for any / S L^{Q)^ satisfying \\e'-^ ./||l2(q)« < 
there exists a control v € L'^iu) x (0,r))^ and a corresponding solution (w,z) to ^ satisfying Z|j^o = m 

n. 

Remark 1.1. Furthermore, in addition to insensitizing the functional Jr one can steer the state w to Q 
at time t ~ T just by paying an extra condition on f at time t ~ T 

WeCJt-iT-tr f\\^,^^^, < (8) 
for a constant that maybe different to the one given in Theorem 1.1. 
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Remark 1.2. The condition i/q = in the main theorem is due to the fact that the first equation in ^ 
is forward and the second one is backward in time. Most of the insensitizing works in the parabolic case, 
even for linear equations, assume this condition on the initial data. A study of the possible initial conditions 
which can be insensitized is made for the heat equation in f^. This work suggests that the answer is not 
obvious. 

As announced, we have the foUowing result. 

Corollary 1. There exists insensitizing controls v for the functional Jr given by (0). 

Before going further, let us recall some of the results avalaible in the literature. Most known results 
concerning insensitizing controls are for parabolic systems. Nevertheless, one can cite the results in [5] for 
the 1-D wave equation. In [5^, the controllability of coupled wave equations is studied. 
In order to get rid of the condition = 0, in [3], the authors consider e- insensitizing controls (i.e., v such that 
\drJT{y)\T=o\ ^ £ for all e > ) for the semilinear heat system, with and globally Lipschitz nonlinearitics, 
and prove that this condition is equivalent to an approximate controllability result for a cascade system 
which is established therein. In [9], condition = has been removed for the linear heat equation when 
O C u! and when O = il, if this is not the case, some negative results arc also provided. In [5], the author 
proves the existence of insensitizing controls for the same semilinear heat system. This last result is extended 
in [3] to super-linear nonlinearitics. 

For parabolic systems arising from fluids dynamics the first attempt to treat the insensitizing problem is 
for a large scale ocean circulation model (linear). In [TB], as we have already mentioned, the author treats 
both the case of a sentinel given by i^-norm of the state and L^-norm of the curl of the state of a linear 
Stokes system. 

As long as insensitizing controls have been considered the condition w fl O 7^ has always been imposed. 
But, from [7] and [53], we see that this is not a necessary condition for e-insensitizing controls. For instance, 
the authors have proved in |23| that there exists e-insensitizing controls of J^- for linear heat equations with 
no intersecting observation and control regions in one space dimension using the spectral theory. 
Furthermore, the insensitizing problem, as we have seen in this special case, is directly related to control 
problems for coupled systems. In particular, one could ask whether it is possible to control both states of 
a coupled system just by acting on one equation. In this spirit, the authors in [S] show some controllability 
results for the Navier- Stokes equations with controls having a vanishing component. In [TB] and [T7], as well 
as some insensitizing problems, the author studied this problem respectively for Stokes and heat systems in 
a more general framework. Also, for more general coupled parabolic systems with only one control force, 
some results are available in [16] and [2]. 

Finally, recently in |26| the existence of insensitizing controls for a forward stochastic heat equation was 
proved by means of some global Carleman estimates. 

The rest of the paper is organized as follows. In Section 2 we give some results which will be useful for our 
purpose. In Section 3 we prove the Carleman estimate. In Section 4 we treat the linear case. Finally, in 
Section 5 we prove the insensitivity result. 

2 Technical results 

In the context of the null controllability analysis of parabolic systems, Carleman estimates are a very powerful 
tool (see [in],[Il],[I3]v)- I'^ order to state our Carleman estimate, we need to define some weight functions. 
Let loq be a nonempty open subset of w n O, and set : 

. exp(Afc^||77°|U)-cxpA(fc||7yOi|oo + r?0(x)) _ exp A(fc||r;°|U + 7?°(a;)) 

for some parameter A > 0. Here, m > 4 and k > m arc fixed and rf 6 C'^{^1) stands for a function that 
satisfies : 

|V7]°|>/f>0 in 17\wo, f?° > in 17 and if = on dfl. (10) 
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The proof of the existence of such a function 779 can be found in |15j . This kind of weight functions was also 
used in |19j . In the sequel, for convenience, we will fix m = 5 and k = 10. Thus, our weight functions read 

, cxp(12A||r^°||oo)-cxpA(10||7y"|U+ry"(x)) cxp A(10||r;°|U + r;°(x)) 
a(x,t) = ^7— , Six.t) = ^7— (11) 

and we shall use the notation 

a*(i) = maxa(x, t), a{t) = TahYa{x^t), = min^(a;, i), = max^(a;, t). (12) 

xeu x£n xeii xen 

We also introduce the following quantities: 

/o(s. A; u) = s^A^ j I e-^""e^|Mpd.Tdt + ^^^^ j j e^^'^ClVwpdccdi, (13) 

/i(s,A;w) = /A'^ / / e-'^'°'i'^\u\'^AxAt + [ [ e~'''°'^\\7u\^dxdt + s'^ [ [ e-^'^i^y^lAul^dxdt, (14) 



Q Q Q 

7(s, A; u) = s3^4 y ^ e-2^"e-2^"*e^|wpda;dt + j j e-^^^e-^^"*^] Vupdxdt, (15) 
Q Q 

for some parameter s > 0. 

First we state a Carlcman-type estimate which holds for energy solutions of heat equations with non- 
homogeneous Neumann boundary conditions: 

Lemma 2.1. Let us assume that u° G L^{VL), fi e L^iQ), /2 G L^{Q)^ , h & L^{^)- Then, there exists 
a constant C(ri,aJo) > such that the (weak) solution of 

ut - Au = /i + V • /2 in Q, 

|j + /2 • n = /3 on^, (16) 

/ 



/o(s,A;m) < C 



s 

\ aJoX(0,T) 



+s'X' 1 1 e'^'''e\f2\^dxdt + sX e-2«"*^-|/3|2rf^dt I ^ (17) 



Q E 
/or any \>C and s > C{T^ + T^°). 

In a similar form, this lemma was proved in |12j , but with the weight defined in ^ for m = 1. In order 
to prove Lemma 2.1, one can follow the steps of the proof in [TJ], just taking into account that 

\at\<KTf/\ \a*\<KT{Cf/'^, \att\ < KT^C '"^ , and \al^\ < KT^ieY , (18) 

for some constant K independent of s, A and T. 

The second estimate we give here holds for solutions of Stokes systems with homogeneous Dirichlet 
boundary conditions: 
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Lemma 2.2. Let us assume that u*' £ y, /4 G LP'{Q)^ . Then, there exists a constant C(r2,a;o) > such 
that the solution {u,p) e {L^{0,T; H^{n)^ DV) H L°°{0,T;V) x L^{0,T; H^{n)), with J p{t,x)dx^O, of 



wt - Am + Vp = /4, V ■ M = 

u = 



on S, 
in n, 



(19) 



satisfies 



I 



Iois,X;u)<C 



8s, 



^ wox(0,T) 

for any \>C and s > C{T^ + T^"). 



3+6.a*(^)16|^|2^^^^^^15/2;^20 // ^-4.a+2.a* 15/2 | y-^ 1 2 ^^^^ 



(20) 



This lemma, for the weight defined in ^ with m = 4, is the main result in |13) . Again, in order to prove 
it one can follow the steps of the proof in [T3], keeping in mind estimates (fT5)) . 
To finish; wc give a regularity result which will be very useful for our purpose: 

Lemma 2.3. Let a G R and B E be constant and let us assume that f G L^{Q,T]V). Then, there 
exists a unique solution u G L^{Q,T\H^{^)^ r\V)r\L[^{0,T\V), together with some p, to the Stokes system 



ut — Au + au + B ■ Vu + Vp = /, V ■ u = in Q, 
u ~ onYj, 

and there exists a constant C > such that 

ll"llL2(o,T;ff3(f2)") + II'"IIh1(0,T;H1(O)") < C"!! / llL2(0,T;ifi (f^)™) ' 

This result can be found in [20] . A proof is also given in [18] . 



(21) 



(22) 



3 Carleman Estimate 

In this section, wc will prove a Carleman estimate which leads to an observability inequality, which in turn 
implies the null controllability of a linear system, similar to the linearized system associated to This 
inequality will be the main tool in the proof of Theorem 1.1. 
Here, we consider the following coupled Stokes system : 

{-ift - Aip + Vtt = tJjIo + 5o, V • V? = 
ipt - Alp + Vk = gi,V ■ ip = 
V? = i/j = 
f\t=T = '/'O, V'|t=0 = V'O 

where .go, gi G L'^{Q)^ and t/iq, ^po G H. 
System (j23p is the non- homogeneous formal adjoint of the linearized of (|4]) around (0, 0). We will be led to 
prove, for an open set wo C O C\ui, the following kind of observability inequality for (|23p : 




for some m > and certain positive constants C, Ci, C2 depending on Q, ujo and T but independent of 
ipo and ifQ. To prove such an inequality, usually, we use a combination of observability inequalities for 



in Q, 
in Q, 
on E, 
in Q, 



(23) 
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both Lf and tp and try to eliminate the local term in ip. Even in the simpler situation of the Stokes system 
(50 = Si = 0), due to the pressure term, one cannot expect to achieve such an objective this way (see [18j . 
for an explanation of this fact). 
We will prove the following result: 

Theorem 3.1. There exists a constant C > which depends on £7, w, O and T such that 
/(s,A; V X ^) +/i(s,A;^) < C ^^^^^^ // e-^'"^*"^''°'i^^\ip\^ dxdt 



+s5a6 



jj e-^'"*-^'"^''\go\''dxdt + JJ e^^'"' Igil"" da:dt\ , (25) 



for any X > C, s > C{T^ + T^^), any (fo, ipo ^ H and any go, gi £ L'^{Q)^ , where {ip, %p) is the corresponding 
solution to i2S\) . Recall that /(s, A; •) and /i(s, A; •) were introduced in 1115]) and respectively . 



The proof of this theorem is divided in two steps. In the first step we derive a Carleman estimate for 
(V X ■0) with a local term in uiq using the fact that, applying the operator (V x ■) to the second equation of 
system (|23p . the resultant system can be viewed as a system of 2N — 3 heat equations. In the second one, 
assuming that tjj is given, we apply the Carleman estimate for Stokes systems given in Lemma 2.2. Finally 
we combine these two estimates and eliminate the local term in (V x ip) using the fact that ujq C O D lo. 
Each step will be proved in a separate paragraph. 

3.1 Carleman estimate for i/j 

Observe that the equation of is independent of ip: 

'V-i - AV- + Vk = gi, V • -0 = in Q, 

^ = on S, (26) 

_'0|t=o=^o in 17. 

A Carleman inequality for (V x ip) has been established in [TH| but for gi = 0. The same analysis no longer 
holds here since (V x gi) ^ L'^{Q)'^^~^ . In order to get around this difficulty, we split ip (up to a weight 
function) into two solutions of Stokes systems. Then, we apply to the more regular one the same analysis 
than in [18] and classical regularity estimates for the Stokes system to the other one. 
For system (pS)) . we can prove the following result: 

Proposition 3.1. There exists a positive constant C depending on and ujq such that 

/(s. A; V X V) < C I s^A"* JJ e-^'^e-^""' i^\\7 x ip\'^dxdt + JJ e-^'"^ \gi\^ dxdt \ , (27) 

cJox(0,T) Q 

for any \ > C and s > C(T^ + T^"). Recall that I(s, A; •) was defined in U5\} . 

Proof of Proposition 3.1. Since ipo G H and gi G L'^{Q)^, there exists a unique solution {iP,k) G 
1,2(0, T; V) X D'{Q) of system Now, let p{t) := e-^"*^*) 6 C^{[0,T]). Then, since p verifies p(0) = 0, 

{ip* , K*) := {pip, pn) solves the system 

iP* - A?/-* + Vk* = pgi + ptip, V • V'* = in Q, 

Ip* =0 on S, (28) 

>ft=o=0 in^- 



6 



We decompose {ip* , k*) as follows : k*) = {"iPjk) + k), where ("0, k) and (-0, k) solve respectively 



^Z)* - AV' + Vk = pgi, V • V = in Q, 
■0 = on S, 

0|t=o = in il, 



(29) 



and 



0t - A0 + Vk = pti', V ■ = in Q, 

on S, 
in il. 



(30) 



= 

We apply the operator (V x •) to the Stokes system satisfied by 0, 

(V X $)t - A(V X 0) = V X (ptip) in Q. 
Observe that we do not have any boundary conditions for (V x 0). Nevertheless, we can apply Lemma 2.1: 



/o(s,A; V X 0) < C I s^X-^ j j e-^'"f\V x ip\^dxdt + j j e-2'*"(e-""*)?|V x ^\^dxdt 

wox(0,T) Q 

2 



+s\ j j e-^"' C 

E 



d{V X V) 



9n 



dcrdt , 



(31) 



for any A > C and s > C{T^ + T^"). 

We recall that \a*\ < CT{^*)^/^ (see (HH])), so 



'((e"'"*)t)'|V X ij\^dxdt < Cs'T^ jj e-2-"e-'^"*(C)i2/5|y ^ ^\'^^xdt, 

Q 



(32) 



which will be absorded late£ on. 

Now, using that = ili* — and taking into account that (a — &)^ > ^ — 6^, we obtain: 

/o(s, A; V X 0) > is^^^-* j I e-'^'"^^^\V x V'^pda;dt + ^sA^ ^ ^ e-2«"^|v(V x ij*)\^dxdt (33) 
Q Q 

-s^A-^yy" e-^'^'flV X i^l^dxdt ~ sX^ JJ e-2'^"e|V(V x 0)pda;di. 
Q Q 
Observe that the first term in the right-hand side of ((33)) absorbs (|32p as long as A > 1 and s > CT^. 
We turn to the equation satisfied by -0. Using regularity results for system (see [55], Proposition 2.2) 
we deduce that 

s^A-^yy e-^'^^C^lV X 0pda;dt <C JJ \Vx i^\^dxdt < C||0||2 " ^// Ifil^^^jdi, (34) 

and 

sA^yy e-2-^"e|V(V X 0)|2dxdt < |V(V X 0)|2dxdt < Cl|0||2,(o,T;H2(a)») ^ ^ JJ e"'""* Iffipdxdi, 

Q Q Q 

(35) 

for A > C and s > CT^^ , with possibly differents constants C. Indeed, the above constants do not depend 
on T for A > C and s > CT^^ . 



7 



The next step is to estimate the local term which appears in the right-hand side of pip . Again, we put ip in 
terms of tp* and tp : 



s^A^ J J e""*"f |V X i^* - ^P)\''dxdt < 2s^A* J J e-^^"f |V x VI'dxdt 

wox(0,T) LJox(0,T) 

+2s^\-^ jj e^^'^^^lV X V^pdxdt 

Ldox(0,T) 

Like previously 

s^X'^ j I e-2""^3|V X V^pdxdi < s^>^'^ jj e"^""^^|V x ij\^Axdt <C jj e'^'*"* |gipdx-dt. (36) 

a;ox(0,T) Q Q 

At this point combining (pT |) - ([55)) . we obtain 



/(s, A; V X V) < C I s-'A^ j j e'^'^^riV x VI dxdt + / / e''""' \gi\'Axdt 

uox(0,T) 

2 



d{V X V) 



i9n 



dcrdt , 



(37) 



+sA y J e-^'°' C 
s 

for any A > C and s > (7(7^ + T^°). 

The last step will be to eliminate the boundary term in the right-hand side of ([57)) . To this end, we introduce 
a function 9 £ C^(ri) such that 

09 

1 and = constant on 551. (38) 



9?! 



Integration by parts leads to 

T 



sA / e 



a(v X V) 



9r: 



-l-sA 



dcr d< = sXj e"^"" r I y A(V X i')V{V x V') • VMx | dt 
Van / \n 

j e~^""*C ( j (VV6'V(V X ^))V(V x ip)dx y ^ e^^*"*^* | / V|V(V x ^p)[^ ■ V9dx | dt. 



\n / \n 

Thus, using Cauchy-Schwarz's inequality, the above integral can be estimate as follows 



sA / 



9(V X V) 



dn 



da\dt< CsX J CMHHnr\mHHn)-dt. 





(39) 



Thanks to the interpolation inequality ||V'||ff2(si)N < H-i/'H^fj-Q-jN ||''/'||^3^(-q-)Jv , we obtain 

T T 

2sa*c*ll„Tll . .JlT^II . ..,^+^„\ / „-2saV*||,T||3/2 ||,T||l/2 



(40) 



Finally, using Young's inequality {ab < ^ + ^ with ^ + ^ = 1) for p = 4, the task reduces to estimate 



T T 



(41) 











For the first term, thanks to the fact tliat V • 'ip{t) = in J7 and i/' = i/'* — tp, we have 



U'{t)\\m{n)« < C||V X i^(t)|U2(o)2«-3 < C ||V x + ||V x V*(t)||L^(o)2«-3 



The first term in the right-hand side is estimated like in (|34p and the second one can be absorbed by the 
first term in the left-hand side of dST]), for A > C and s > CT'^° . 

Let us estimate now the second term in (|4T|) . To this end, we introduce {^°,k°) :— {r]{t)ip,ri{t)K), where 



Then, fulfills 



V't - AiP° + Vk° = Tjpt^p + ijtiJ, V • = in 



on S, 
in 57. 



(42) 



Let us prove that the right-hand side of this system belongs to L^{0,T;V). Then, we will be able to apply 
Lemma 2.3. For the first term in the right-hand side of (j42p . we use again that -0 is a divergence-free function 
and we get 



IIWtV'llL2(0,T;ffi(f2)") 

Taking into account that 

for any s > CT^^, we deduce that 



< c 



L2(0,T;ffi(O)") 



7?pt(V X V*) 



^2(Q)2JV-3 



(43) 



Thus, the square of this last quantity is small with respect to the first term in the left-hand side of ([57)) by 
taking A > 1 and s > CT^. 

We turn to the second term in the right-hand side of (|42|) . Similarly as before, we have 

|l?7tV'llL2(0,T;ffl(i2)") < C\\T]t{V X ?A)||i2(Q)2«-3. 

Using again that ijj ~ ^* — ip, we obtain 

\\Vflp\\L^{O.T;H^a)«) < lkyt(V X -0*)||i2(Q)2]V-3 + \\7]t{V X V^)||i2(Q)2N-3, 

with 



(44) 



< Cr//^Ai/2e~""*(C: 



29/20 



for any s > CT^" . 

Therefore, the first term is estimated like (|43|) and the second one can be estimated as in (p4)) . Then it 
follows from Lemma 2.3, that the solution of ^ satisfies -0° G L'^{0, T; H^{n)^ n V) and for all e > there 
exists Cf > such that 



o||2 



1 

s'/^X J (r)'/' m'minrdt < e7(s. A; V x V) + ^ J J e'^^"* \gi\^dxdt. 



This, combined with ((57|) and (|5 ^ - (|1T|) . concludes the proof of Proposition 3.1. 
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3.2 Carleman estimate for Lp and conclusion 

Here we prove Theorem 3.1, combining the results of last section and Lemma 2.2. Assuming that ip is given, 
we turn to the solution of 



-{ft — Aip + Vtt = tl'lo + .go, V ■ 95 = in Q, 
If = on S, 



(45) 



We choose tt such that J 7r(t, x)dx ~ and we apply the Carleman estimate given in Lemma 2.2, for the 
weight function ^ (instead of a). We obtain 

/ 



s^^A^o J J e 

\ wox(0,T) 



-20sS+15sa 



(0''lvl'da;d< + si5/2A20 JJ e-io^"+5«"* (0^'/'|^pdxdt 



Ox{0,T) 



Q 



(46) 



for any A > C and s > C{T^ + T^°), where h (s. A; •) is given by (O. 

Then, the second integral in the right-hand side of (|46)) is bounded by /(s. A; V x for a suitable choice 
of A > C and s > CT^^ . 
Indeed, 

^15/2;^20 jj g-10sS+5sa*(^)15/2|^|2j^^^< ^^15/2^20 JJe-'^"'^+^'^"\'^y^/^\Vxi;\^dxdt<eI{s,X;Vx^), 
Ox(0,T) Q 

where we have used the fact that < C'||V x V'llL2(n)2"-3 and also that for all e > and M G M, 

there exists C^^m > such that 

e^"* < C,,Ms'*'A*^(0*'e^(i+^)", 

for any A > C and any s > CT^". 

Now, combining the obtained inequality with (|27p we get: 



/(s,A;V X V) + /i(s,A;v?) < C I s^^A'*° // e 

wox(0,T) 



-20,sS+15sQ* u\ie\ „|2 



wox(0,T) 



// 



^'\\7x^\^dxdt + J J e-2^"*|ffi|2dxdi + 515/2^20 yy e-io«"+5-*(^)i5/2|gg|2d^df 

Q Q 

(47) 

for any A > C and s > C{T^ + T^°). 

It remains to estimate the local term in (V x i/;), in terms of (p. In order to do this, we use the first equation 
of (|23p . where the coupling term appears. Since ujq C O, we have 

V X -0 = -(V X V5)t - A(V X (^) - (V X go), ina;ox(0,r). (48) 
Thus, replacing in the second integral in right-hand side of (j47p . we obtain: 



s^A^ J J e-2«"e-2^"*e'|Vx V'pdxdt^-s^A^ 

wox(0,T) wox(0,T) 



^■^(V X '(/')(V X ip)tdxdt 
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-s^X^ J J e-2«"e-2^" f{V X V')(A(V xip) + V x go)dxdt. 

(^ox(0,T) 

Wc introduce an open set oji d w such that loq d uji and a positive function 9 G C^(a;i) such that 6 = 1 in ujq. 
Then the task turns to estimate 

„3\4 // Q-2scy-2sa*c3 



s^A'* J J ee-^'^e-''" r(V x V)(-(V x ip)t - A(V x ^) - V x go)dxdt. (49) 

wix(0,T) 

Performing several integration by parts, in order to get out all the derivatives of (V x ip), we get 

s^A* / [ ^"^'"e-^'^^'^^lV X Vpdxdt < /A"* J j e{e-^'°'e-^''°''' f)t{V x V')(V x ^)da;dt 

t^ox(0,T) wix(0,T) 



LJix(0,T) 

2s3a4 jj V(6le-2^"e-2^"*^3) • V(V X V)(V X (^)da;dt 

wix(0,T) 



3 A'' / / A(6'e-2""e-2-^" e^)(V x V')(V x ip)dxdt 



— s 

LJix{0,T) 

-s^A"* // ^'^"^'"^-^'^"^e^V X V)(V X .go)da;di. (50) 

"ix(0,T) 

Here, we have used the equation satisfied by (V x ip) and the fact that 6 has compact support in ui. We 
perform another integration by parts and use Young's inequality to obtain: 

s^X^ J J ee-^'"'e^^''°'*fiVxip){\7xgi)dxdt = ~s^X^ JJ V x {Oe'^^'e-^''"'* ^^{V x ip))gidxdt 

wix(0,T) wix(0,T) 

<cljj e-^'"'*\gi\^dxdt + s'^X^ JJ e-^-^^e-^*"*^ (s2^2^2[y x (^|^ + |V(V x ip)\')dxdt 

The last term in this inequality is estimated by e/i(s. A; Lp) for A > C and s > CT^'^. An analogous estimate 
holds for the term containing (V x 170): 

s^A"^ JJ Oe-^'^e-^'^^^^iS/ xi>){\/ X go)dxdt^ -s^X'^ JJ V x {ee-^'°'e-^''°'\^{V x ij))godxdt 

"ix(0,T) cjix(0,T) 

6 / / <r5„-2sQ-2sa* I |2 



< Cs"A^ J J e-"""~^"" I50I dxdt + e/(s. A; V x V)- 

On the other hand we have the following estimates for the weight functions: 

|(e-2""e-2""*C^)t| < CTse-2""e-2""*(0'*+^/^ and |A(e-2""e-2'^"*f )| < Cs^A^e-^^^e-^""*^ , 
for any s > CT^". 

Using these estimates for the first, third and fourth terms in the right-hand side of (|50l) . we deduce that 
s^A'' J J e-2«"e-2""*^3|V X Vpdxdt < e(7(s,A;V X V) +/i(s,A;¥5)) 

Ldox(0,T) 
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tJix(0,T) LJix(0,T) Q 

(51) 

for A > C and s > C(T5 + TiO). 

Furthermore, considering an open set lu2 <s= to such that ioi (e W2, one can prove that 

s^A« // e"^'"e-2'*"*^Vx¥'Pdx-dt < e.s-iyy"e-5^"r^|A^pdxdt+s^'^Ai6 e-^'^^'+^^CiVPdxdi. 

cJix(0,T) Q LJ2X{0,T) 

This, combined with (jSTj) and (|47)) . gives the desired inequahty (|25]) . 



4 Null controllability of the linear system 

In this section we consider a hnear coupled Stokes system with right-hand sides. More precisely, we look for 
a control v G x (0,r))^ such that, under suitable decreasing properties on /i and /2, the solution to 

Wf — Aw + Vp = /i + f loj, V • t« = in Q, 

-zt - Az + V(? = /2 + wlo, V • z = in Q, , , 

i(; = z = onE, 

u'|t=o = z\t=T = in fi, 

satisfies 

z\t=o = in fl. (53) 

As we have already mentioned, an observability inequality for ([23]) will imply the null controllability of 
([5^ with decreasing properties for the state(s) and the control(s) (see ([13])) ■ Here, we present a null 
controllability result for (j52p where we look for a more regular solution (w,z). This will be done by solving 
the controllability problem in spaces depending on the previous weight functions. Furthermore, this result 
will be useful to deduce the local null controllability of the nonlinear problem ^ in the last section. 
First let us prove a modified Carleman inequality, from ([25]). with weight functions that do not vanish at 
t = T. To be more specific, consider 

(t{T~t), 0<t< T/2, 
l{t) = <^ t2 (54) 
\—,T/2<t<T, 

and the following associated weight functions : 

,^ exp(12A||77"||^)-expA(fcH7?"|U + 77°(x)) exp A(10||7?"|U + r;°(.T)) 
Pix,t) = , 7(a;,t) = (55) 

I3*{t) = max (3 {x,t), I3{t) ^ mm P{x,t), 'y*{t)=mmj{x,t), ^{t) = max'^{x,t). (56) 

x^^i x^Ct 

With this definition we have the following 

Lemma 4.1. Let s and A like in Theorem 3.1. Then, there exists a positive constant C depending on $7, 
loq, T , s and A such that 



II 



( 



-4-/5*(^*)3|^|2^a.rfi+ // e-^'l^\-^*f\Lp\^dxdt<C 



g-4./?*+s;9^15|^|2^^^ (57) 



Q Q \ cjx(o,T) 



Q Q 

for any ipQ, -00 G H, where (v?, ^) is the associated solution to 
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Proof of Lemma 14.11 First by construction a = /3 and ^ = 7 in O x (0, r/2), so that 

T/2 T/2 

on on 

T/2 T/2 

e-^'^\j*f\^P\^dxdt+ J y"e-^^^*(7*)3|v?|2da;dt. 
on on 
Therefore, it foUows from ^ (observe that e"'*'*^* (7*)^ < e-^sp^~2sp* ^3^ g-5s/3*(^*)3 < g-5s/3^3 ^^^^ 
Hh^n)" < C||V X ?/'||i2(o)2iv-3) 



T/2 T/2 



J j e^^'^* {-i*f\^\^dxdt+ J j e-^'^\-i*f\ip\''dxdt<C{T,s,\) 



on on 



\ wx"(0,T) 



e-2^"*|5irdxdt+ // e-2«"-2-*C'l5opdxdi I , 



Q Q 

for any ipo £ H. 

Thus, by definition of /?,/?*, 7 and 7* we have 

T/2 T/2 

e-^'^\-f*f\i,\^dxdt+ J J e-^'P\-f*)^\^\^dxdt<C{T,s,X)\ JJ e-^'f^* +'f^j^^\ip\^dxdt 
on on y wx(o,T) 



-'■^^*\9,\'dxdt+ // e-2-^^^2^^*7'|5opdxdd , (58) 



Q Q 

We turn to the domain x (T/2,T). Here, we will use well known a priori estimates for the Stokes 
system. Indeed, let us introduce a function ( G C^{[0,T]) such that 

C = in [0,T/4], C = 1 in [r/2,T], \C\<C/T. 

Using classical energy estimates for both (ip and (ip (see, for instance, [1^), which solve the Stokes system 
(231), wc obtain 

IICvllL2(T/4,T;ffi(n)") + \\C^\\'l°°(T/4:,T;H) - ^ ( H^^O || ^2(7-/4 y.£,2(n)«) + \\C'>JA\'l^{T/4,T;L^{0)'^) 

+ ^ll'<'llL2(T/4,T/2:L2(n)«) 

and 

\\('^\\i^{T/4,T-H^in)«) + IICV'IIloc(T/4,T;H) - (^\\C9l\\'L2(^T/4,T;L^{n)'^) + ^ ll''/'llL2(r/4^7-/2;L2(o)]v- 

Combining these last two inequalities and keeping in mind the definition of C, we obtain 

l'i^llL2(T/2,T;L2(n)«) + IIV'llL2(T/2,T;L2(n)N) < (llC5o|lL2(T/4,T;L2(n)") + IICSl llL2(7-/4_y.i2(Q)N) 
+ ^IIV^IlL2(T/4,T;L2(a)N) + ^ll'*5||i2(y/4 7./2;L2(o)]V) 
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Using ([55]) to estimate the last two terms and taking into account that the weight functions /3 and 7 are 
bounded in [T/4,r], we get the following estimate 



/ T 



T/2n 



T/2n 



\gi\Mxdt (59) 



\T/4Q 



T/4Q 



This, together with (|55|) . gives us the desired inequality ([57|. 

Now, we will use this Carleman inequality to deduce a null controllability result for system (j52p . In the 
same spirit of [13| . where the local exact controllability of the Navier-Stokes system is proved, we introduce 
the following weighted space: 



Defined as we have seen, E'^'^ is a Banach space for the norm 
\\{w,z,p,q,v)\\,.,. = ( e/P+^^\j*)-^/'w 

+ 



(60) 



2 




2 


+ 




+ 






L2(Q)« 



g2./3*-i./3^-15/2^;^^ 



^''*(7*)"'/'(^«t-Au; + Vp-wl„) + e^'^*{-r*y^/^{-zt^Az + Vq~wlo) 



2 

1/2 



Remark 4.1. // (w, g, v) G 8^'"^, then z^t^Q — 0. 
Wc will prove the following result : 

Proposition 4.1. Let fi, /a satisfy et'^'^* (7*)-3/2/i G L'^{Q)^ and e^^^^* (7*) -2/2/2 g L^{Q)^ ■ Then, 
there exists v G L'^{uj x (0,r))^ ,suc/i t/iat, if {w, z,p,q) is the solution of I152\) . one has {w, z,p,q,v) G E"^'^. 

Proof of Proposition 4.1. Let us introduce the following constrained extremal problem: 

\ 



infi I 1 1 e^'^+^'^\-^\w\''dxdt 



^'^'\z\^dxdt+ // e^'^'-'Pj-'^\v\Mxdt 



uix{0,T) 



J 



(61) 



Q Q 
subject to u G L'^{Q)^, supp w C a; x (0,T) and 

wt — Aw + Vp = fi + f 1(^, V • w = in Q, 

-zt - Az + Vq^ f2 + wlo, V • z = in g, 

w ^ z = on S, 

w\t=o = z\t=T = z\t=Q = in fi. 

Assume that this problem admits a unique solution (£5, z, p, q, v) . Then, in view of the Lagrange's principle 
there exists dual variables (w, 1, p, q) such that 



w = e-2'*'3-2s/3*^5(_yj^ - Aw + Vp- zlo) in Q, 

2 = 6-2^/3* (zt - Az + Vg) inQ, 

d = e-4'*'3*+-^'3^i5:yj mux (0, T), 

w = 'z ~ on E. 



(62) 



14 



Let us set 



To = {[w,z,p,q) e C°°(Q)2^+2 ;V-u; = V- z = OinQ,w = z = OonEand ^ q[x,t)dx = 0} 

and 

a{{w,z,p,q),{w,z,p,q)) = // e"2"''-2''''*7^(-Wt - AW + - zlc,)(-Wt - Aw + Vp - zlo)dxdi (63) 



+ JJ e-^'^*{zt-Az + Vq){zt-Az + Vq)dxdt+ jj e-^'^^* +''^-i^^wwdxdt \l{w,z,p,q) eV^. 

With this definition, one can see that, if the functions w, z and v solve (pT|) . we must have 

a{{w,z,p,q),{w,z,p,q)) ^ l{w,z,p,q), y{w, z,p,q) e Pq, (64) 

where 

l{w,z,p,q) = J J fiwdxdt + J J f2zdxdt. (65) 
Q Q 

The main idea is to prove that there exists exactly one iw, z, p, q) satisfying (|64[) . Then we wiU define 
{'w,'z,p,q,v) using (|62|) and we wiU check that it fulfills the desired properties. 
Indeed, observe that the Carleman inequality (j57p holds for {w,z,p,q) G Vq, 

jje-^'f'\^*f\w\^dxdt + jje-^'^'{:i*f\z\^dxdt<Ca{{w,z,p,q),{w,z,p,q)) ^{w, z,p,q) e Vo- (66) 
Q Q 

In the linear space Vo we consider the bilinear form a(., .) given by (|63p : from the unique continuation 
property for Stokes-likc systems (see [T^) we deduce that a(., .) is a scalar product in Vq. Let us now consider 
the space V, given by the completion of Pq for the norm associated to a(., .). This is a Hilbcrt space and 
a(., .) is a continuous and coercive bilinear form on P. 

We turn to the linear operator I, given by (j65p for all (w, z,p,q) £P, a simple computation leads to 

Kw,z,p,q)<\\ei^^\^*)-'/'hh.^Qr\\e-^'^\in'/ML^^^^^ 
Then, using ((66)) and the density of Pq in P, we have 

l{w,z,p,q)<C{\\ei^^\^n~'^'fi\\LHQ)- + \\e''^\in-'^'f2h^^ ^iw, z,p, q) e P . 

Consequently / is a bounded linear operator on P. Then, in view of Lax-Milgram's lemma, there exists one 
and only one (w, 2 , p, q) satisfying 

\a{{w,z,p,q),{w,z,p,q))=l{w,z,p,q), W{w,z,p,q)eP ^^^^ 
\{w,z,p,q) e P. 

We finally get the existence of {w,z,p,q,v), just setting 

id^e-^'^-^'^^'^i-Wt- Aw + \/p-zlo), z ^ e-^'f^* {zt - Az + Vq) and v = e-^"^*+'^j^^w. 

It remains to check that {w, z, p, q, v) verifies 

e^-P+^-P\-5\ui\2dxdt + e"'"' \z\^dxdt + jj e^'^* -'^^-^''\v\''dxdt < +oo 
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and solves the Stokes system in (|5T]) . The first point is easy to check, since (w, z,p,q) G V and 

e'^-f^+^-P\-5\Q\^dxdt+JJ e^'^* \z\Mxdt+ JJ e^'^*-'^j-^^\v\^dxdt = a(iw,z,p,q),{w,z,p,q)) < +00. 
Q Q wx(o,T) 

In order to check the second point, wc introduce the (weak) solution (w,'z,p,q) to the Stokes system 

Wt — Aw + Vp = /i + vli^, V • w = in Q, 

-It- AI+Vq = f2 + wlo, V -z^O in Q, 

{5 = 2 = on S, 

^w^t^Q ~ z\t=T — in ri. 

In particular, (w, z) is the unique solution by transposition of (|68p . in the following sense 

{{w, i), (a, b))mQyN = ((/i + {Jl^, /2), (^, V))l=(q)- , V(a, b) G £2(g)2W, (69) 

where {tp, ip)^ together with some (tt, k), solves 

iP*{x,t;D)iip,^b)^ia,b) inQ, 
[V-^ = V-7/; = 0inQ, ^ = ^- = on S. 

Here, we have denoted by P*{x, t; D) the formal adjoint operator of P{x, t; D) given by 

P{x,t]D){w,z) = (wt - Aw + \7p,-It - Az + Vq-wloY- 

From (I67p and the definition of (w, z, w), we see that (w, z) also satisfies (j69p . Consequently, {w,z) = (u;,z) 
and {w,'z,p,q) is the solution to the Stokes system (|6ip . 

5 Insensitizing controls for the Navier-Stokes system 

In this section we give the proof of Theorem 1.1. Using similar arguments to those employed in [T3] and [T], 
we will see that the result obtained in the previous section allows us to locally invert a nonlinear operator 
associated to the nonlinear system 

Wt — Aw + (u>, V)w + Vp = f + vl^, V ■ w = in Q, 

-zt - Az + (z, V*)w - {w, V)z + V(7 = wlo, V ■ z = in Q, , , 

w = z = on E, 

w\t=n = O7 -^if^Ti = in r2. 

We will use the following form of Lyusternik theorem (see [I] ) which is in fact an inverse mapping theorem: 

Theorem 5.1. Let £ and Q he two Banach spaces and let A : £ ^ Q satisfies A G C^{£]Q). Assume 
that eo G £ , .A(eo) = ft-o o-'^d -^'(eo) '■ £ ^ Q is surjective. Then there exists S > such that, for every h E Q 
satisfying \\h — hoWg < S, there exists a solution of the equation 

A{e) = h, e e £. 

We will be led to use this theorem with the space £ = £'''^, with fixed s and A like in Theorem 3.1 (so 
Lemma 4.1 holds), 

g = ^1 X ^2 = L\ei'^' (7*)"'/'; L\nf) X L2(e2«/3* {^^y^^; L\nf) 

and the operator 

A{w, z,p, q, v) = {wt~Aw+{w, V)w+\7p~vl^, — zt— Az+(z, V*)u>— (w, \7)z+Vq—wlo), V(u', z,p, q, v) G £. 

(72) 

Since all the terms arising in the definition of A arc linear, except for {w, \7)w and (z, V*)^ — {w, V)z (which 
are in fact bilinear), wc only have to check that the terms (w, 'V)w and (z, V*)?« — {w, V)z are well-defined 
and depend continuously on the data. 
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Proposition 5.1. A £ C^{£]g). 

Proof of Proposition [HIJ Let {{w" ,p*), {z* ,q*)) = {e^'^\^)-'^^^^{w,p),ei'^* {jY {z,q)). Then 
{w* , z* , p* , q*) solves 



(73) 



w* - Aw* + Vp* = /i* + v*l^ + {ei'l^* {jy^^/^)tw, V -w* =0 in Q, 
~zt - Az* + Vg* = /2* + w**lo - {ei'f^\^y)tz, V ■ z* = in Q, 
w* — z* ~ on E, 

w*t^o = ^ft^r = in 17, 

where 

/r = ei-^^*(7)-i5/2/i, /2* = e^-^^*(7)V2, = ei^''* (7)-i^/^t^ and u;- = e^^'^* (7)^^;. 

First we look to the equation satisfied by w* . We prove that the right-hand side of the first equation in ((73)) 
is in L^{Q)^ . Indeed, by the definition of /3, 7 and 7* we have 

• \v*l^\ = ei*-^*(7)-i5/2|„i^| < C'(s,A)e2^^*-i«^7-i5/2|„|l^ ^ L^{Q)^. 

• l/i1 = ei^'^*(7)-^^/'|/i| <C(s,A)et^'3(7*)-3/2|/i| Gi^(Q)^. 

• |(e^''^*(7)-i5/2)tu.| < CTsei''^* (7)^63/10 < C(s, A, r)e^-^+^'^* (7*)-5/2|i(;| e i2(Q)JV. 

Here, we have used the fact that e'^^ < Cee^^^^^-''^ for all e > and some Ce(s, A) > 0. 

Then, we can apply regularity results for the Stokes system (see, for instance, [25]), hence 

w* e L\{0,T);H\n)^) n L°°{{0,T); H\n)^) n H\{0,Ty, L^n)^) (74) 

and depends continuously on the right-hand side of the first equation in (|73p . Then, if (w, z,p, q, v) e £, we 
have 

ei«'3*(7)-i5/2vy, g L°°((0,r);i2(f])WxiV) ^^g-j 

and 

ei^/S* (7)-15/2^ g ^2((Q^ J.). ^2(^)iV) ^ ^2(^0^ J,). 2^oo(^)JV-)^ (^g) 

thanks to the Sobolev embedding theorem. Consequently we have 

e^'^'{j*)-^^^{w,V)w < e^"/^* (7)^15 (w,V)u; £ L^{Q)^ (77) 

and is bilinear continuous from f x £^ to ^1 . 
Now we turn to the equation satisfied by z*. 

• I/2I -e^«'3*(7)7|/2| <C(s,A)e2«^*(7*)-3/2|/2| ei2(g)^. 

. \w**lo\=e^'P*{jy\w\lo < C(s,A)e^'3+^'3*(7*)-5/2|y;| (^L^{Q)N, 

• \ie^"^\iy)tz\ < CTse^-'^* (7)41/5 < C7(s, A, r)e''^>| G ^^(g)^. 

Again, we have used the fact that e/^ < Cee'*'^+^''^ for all e > and some Ce(.s, A) > 0. We deduce that 

z* G L^iiO,T); H'\n)^) n L°°{{0,T)- H\n)^) n H\{0,T); L^in)^) (78) 

and depends continuously on the right-hand side of the second equation in (j73p . Then, if (w, z,p, q, v) G £, 
we have 

ei'^\^yVz e L°°{{0,T);L\nf^) and e^"^* (jf z e L\{0,T); L^in)^). (79) 

XliercforG 

e^'^\j*y^^\w,V)z e L^Q)"" and e^'^\j*)-^^^{z,V')w € L^Q)^ , (80) 



17 



since 

Taking into account the continuous dependence with respect to the data, we have that these terms above 
are continuous from £ x £ to Q2- 
This end the proof of Proposition 5.1. 

Finahy, we can apply Theorem 5.1 for eo = G M^^+^ and /iq = e M^^. From the result obtained in 
Section 4, we deduce that ^'(0, 0) : £ Q, which is given by 

A'iO,0)iw,z,p,q,v) {wt - Aw + \7p-vl^, -zt - Az + Vq- wIq) W{w, z,p,q,v) e £, (81) 

is surjective, that is to say lm(^'(0, 0)) = ^. As a conclusion, since j/o = Oi we have find a control v e 
L'^{uj X (0,T))^ such that the associated solution to (|7T|) satisfies zit=o = 0. 
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